
 

MATH 5061 Lecture 7 Mar 3

Problem set 4 posted due on Mar 17

Recall Mn g mum Connection 7 mum Curvature R

R IX Y 2 7,0 2 7 92 1 Toxic Z

T R X Y Z W se RH c Z W VX.Y.Z.lv C Ttm

0.4 tensor

In local word of M say CX X let 2 Fyi

Gig Fyi Fx C 2 i 2J

Tijk f 9kt 2igej t 2JSie 2e9ij
Compute RI2i 2j.TK 2e Rijne

TgTai2k Fg Tine2e Tins 2s 1 Tine je Js

i.e TaiTai2k 2JTin tTinTj Is

similarly TaiTg2k 2iTjht TjTie Is

and FC2iq 2K O

Rodi25.2k 2e Gse 3Tin Zi Et TinTjestTjhTies

ie Rijne Gse 2T Tox T F g 2g 5g



Symmetries f Rijn
e t Rj nie t Rkeije 0 Bianchi

Rijhe Rj he Rijek Rheij

Q How is the Riemann curvature tensor R related to

the nation of Gauss curvature for surfaces in CR

A sectional curvature

Fix p e M and a 2 dim't subspace T E Tpm

Def'd Sectional curvature of T at p E M is defined as

Kpk R ei ez er ez

where f e cz o N B for T

FACT K T is welldefined ie indepof the choice of ONB fe ee

Geometric Meaning Kp T c B measures the Gauss armature at p

of a sub surface generatedby 5 in M

geodesicnormal word

7pm M g
yen expp expp T

i r

2 dim't awedsurface

Gausscurvatureof this subsurfaceProofExercise at p K o
p



We have the following algebraic fact

PNP knowing all the sectional curvatures Kp T for all 5 CTpm
determines completely the Riem curvature tensor R at p

Proof Idea Rijij Rijhe using symmetries of R

et f e en be an ON B for Tpm

Tj span fei ej ETpm it j

K Oig RCei ej.ei.gr

Using multi linearity only need to know RCei.ej.ee
ee d

k te

Nee R eityzek.ej.eiek.es K spanfeiteg.es

BUT Rceiter ej.ei ek.gl
KQj KTkJr

Rfei.ej.ei.ej RCEk.ej ek.ej

RCei ej.eu Ej t R Ek Ej Ei Ej
1

same

R ei.ej.eu e known

Note R ei eifel ex
e known

BUT RCei Ej tee ek ejtee
known known

PsCei ej.ee ej t R Ei ee Ek.ee Rcej en ei.ee
RCei ej.eu ee t R Ei ee Ek Ej



ie R iiej.ek.ee R ej.ek.ei.ee known

R kiei.ej.ee R ei.ej.er.ee known

2 R i ej.ek.ee t R ei.ej.ee ee known

D

Cora Let C C R be a constant

K o C y Rex c 2 w C ix Z Yw

H T E Tpm LYE LX.ws

Cheek RCei.ejcei.ejl ckeifeifcej.es
1

cej.Leio7ceiLejj
0

Ricci and scalar curvature

Let fer em be an d N B for Tpm
n

DEI Ricci curvature Ric X Y _E R X Ei Y ei
5 1

n

Scalar curvature S 2 RicCei ei
i

FA well defined inelep of choice of O N B fei En

In local word

Rijn
trace

Rin gieRijne
trace

R gikrin
Riem Ricci scalar

0,4 tensor 012 tensor function
symmetric



Geometricmeaning Ric S are averaged sectional curvatures

O N B f X Ei Ez En

Ric x x Ric Ce ec
E3 513
a

ez ma TI RCe Ei Ei Ei
X e KCTii

E RCe ei e Ei
i 2

sum of seat Cun
of planesthrough e X

Similarly S II RicCei ei II BCei.ej.ei.gr

Ej B ei.ej.ei.es
sumof all sectional urn

A central Question in Riemannian Geometry

How does the Riem Ric Scalar armatures affect the

local global geometry of CM g

E g Gauss Bonnet Thm K da 21TX S

Now we digress a bit to talk about covariant derivatives

of general tensors

Recall A connection T induces a covariant derivative

for vector fields ie 1 o tensor



Fix X E TCTM

Tx TCTM TCTM
u

8 4

Q How to covariant differentiate other tensors
A Liebniz rule

i.e Co 11 tensors

1 forms WWE R M TCT M mm Txw E R m defined as

Gw LY X was w 0 4
p r e g

v f function v fv f I form v f I form

1 I tensors d E T TIM in 7 2 E TCT M defined as

8 2 LY w X x Y w 210 4 w MY T w

Example 1 M g g co 2 tensor 7 connection T

metric compatibity 2 7 Tg o ie 7 8 0 TX

why Txg CY 2 X GH Z 917 4.2 G Y 7 2

111 111 metriccompatibilityTg o o

Example 2 Riem curvature acting on 1 form

et w E R M Define

R X Y w Ty Tx w Tx Ty W Tex y W

FACT Rai w Z w Rex c Z



Pf Rai w Z

Fy Tx w Tx Ty W Tex y w Z

Y T wXZ Txw 0,2 7

X Tywin Oyu 0 27

Cxic wtf w Tex y Z

Y X wot w 7 21 X W 0 21 t w 8 0 7

X Y wot w Tf Y W 0 21 w 90 7

Cxic wtf w Tex y Z

w Ruin 2
is

1stBianchi identity R X Y 2 w t RCY.az X w t RCE X Y W1 0

2ndBianchiidentity GR Y Z W T 1 QR I X Wit

PI Exercise t TzR X Y W T o



Submanifold theory

Goal Generalize the classical theory for surfaces in IR
to submanifolds 2k E M 9 Riemmanifold

I

Def An isometric immersion F Ek h M g

is an immersion as manifolds St F g h

As far as local aspects are conceived we can regard

Ike M g and 812 inducedmetqgm.ge
as a k dim'l
embedded abuse

y ty
FundThin

Note Ek 81g Riemmfduyfz.fr 7 Riemconnection
on E

Q How are the connections FM and TE related

Recall 7 canonical orthogonal splitting at each pG E

TPM Tp2 ppg
1 w rt 9

normalbundle NpE
u b

v v t v

µ
E

M 9

1hm Let X Y E T TE Then

DEY Ff F
T where I T cTCTM are extensions

of X Y s.t.IT e
X.F Y


